We show that the classical results on the existence and uniqueness of moment maps in symplectic geometry generalize directly to weak homotopy moment maps in multisymplectic geometry. In particular, we show that their existence and uniqueness is governed by a Lie algebra cohomology complex which reduces to the Chevalley-Eilenberg complex in the symplectic setup.
for all ξ ∈ g.
In multisymplectic geometry, ω is replaced by a closed, non-degenerate (n + 1)-form, where n ≥ 1. A Lie algebra action is called multisymplectic if L V ξ ω = 0 for each ξ ∈ g. A generalization of moment maps from symplectic to multisymplectic geometry is given by a (homotopy) moment map. These maps are discussed in detail in [3] . A homotopy moment map is a collection of maps, f k : Λ k g → Ω n−k (M ), with 1 ≤ k ≤ n + 1, satisfying df k (p) = −f k−1 (∂ k (p)) + (−1)
for all p ∈ Λ k g, where V p is its infinitesimal generator (see Definition 2.5). A weak (homotopy) moment map is a collection of maps f k : P g,k → Ω n−k (M ) satisfying df k (p) = (−1)
for p ∈ P g,k . Here P g,k is the Lie kernel, which is the kernel of the k-th Lie algebra cohomology differential ∂ k : Λ k g → Λ k−1 g, defined by
for k ≥ 1 and ξ 1 , · · · , ξ k ∈ g. We see that any collection of functions satisfying equation (1.1) must also satisfy (1.2). That is, any homotopy moment map induces a weak homotopy moment map.
Weak moment maps generalize the moment maps of Madsen and Swann in [6] and [7] , and were also used to give a multisymplectic version of Noether's theorem in [5] . In this paper, we study the existence and uniqueness of weak homotopy moment maps and show that the theory is a generalization from symplectic geometry. We also show that the equivariance of a weak moment map can be characterized in terms of g-module morphisms, analogous to symplectic geometry.
Recall that in symplectic geometry we have the following well-known results on the existence and uniqueness of moment maps.
Proposition 1.1. Consider the symplectic action of a connected Lie group G acting on a symplectic manifold (M, ω).
• If the first Lie algebra cohomology vanishes, i.e. H 1 (g) = 0, then a not necessarily equivariant moment map exists.
• If the second Lie algebra cohomology vanishes, i.e. H 2 (g) = 0, then any non-equivariant moment map can be made equivariant.
• If the first Lie algebra cohomology vanishes, i.e. H 1 (g) = 0, then equivariant moment maps are unique, and combining these results,
• If both the first and second Lie algebra cohomology vanish, i.e. H 1 (g) = 0 and H 2 (g) = 0, then there exists a unique equivariant moment map.
We generalize these results with the following theorems. Letting Ω n−k cl denote the set of closed (n − k)-forms on M , we get the above propositions, in their respective order, by taking n = k = 1. g,k ) = 0, and
then a full equivariant weak moment map exists and is unique.
We also show that the morphism properties of moment maps from symplectic geometry are preserved in multisymplectic geometry. More specifically, recall that in symplectic geometry the equivariance of a moment map f : g → C ∞ (M ) is characterized by whether or not f is a Lie algebra morphism. That is, f is equivariant if and only if
for all ξ, η ∈ g. However, as shown in Theorem 4.2.8 of [1] it is always true that f induces a Lie algebra morphism between g and
We generalize these results to multisymplectic geometry by showing that:
is equivariant if and only if it is a g-module
Ham (M ) is denoting the space of multi-Hamiltonian forms, which are differential forms α ∈ Ω n−k (M ) satisfying dα = X α ω for some X α ∈ Γ(Λ k (T M )) (see Definition 3.5). These forms were introduced in [5] , and give a notion of a multi-symmetry which occurs when there is a given Hamiltonian (n − 1)-form H ∈ Ω n−1
Ham (M ), (see Definition 3.2).
Cohomology
We briefly recall some basic notions from group and Lie algebra cohomology.
Group Cohomology
Let G be a group and S a G-module. For g ∈ G and s ∈ S, let g · s denote the action of G on S. Let C k (G, S) denote the space of smooth alternating functions from G k to S and consider the differential
A computation shows that ∂ 2 k = 0 so that C 0 (G, S) → C 1 (G, S) → · · · is a cochain complex. This cohomology is known as the differentiable cohomology of G with coefficients in S. We let H k (G, S) denote the k-th cohomology group and will call an equivalence class representative a k-cocycle.
Lie Algebra Cohomology
Let g be a Lie algebra and R a g-module. Given ξ ∈ g and r ∈ R, let ξ · r denote the action of g on R. We let C k (g, R) denote the space of multilinear alternating functions from g k to R and consider the differential δ k :
A computation shows that δ 2 k = 0. We let H k (g, R) denote the k-th cohomology group and call an equivalence class representative a (Lie algebra) k-cocycle. Note that for k = 0 the map δ 0 : R → C 1 (g, R) is given by (δ 0 r)(ξ) = ξ · r, where r ∈ R and ξ ∈ g. For k = 1 the map
, where f ∈ C 1 (g, R) and ξ 1 and ξ 2 are in g.
The standard example of Lie algebra cohomology is given when R = R: Example 2.1. (Exterior algebra of g * ) Consider the trivial g-action on R. Then C k (g, R) = Λ k g * , and the Lie algebra cohomology differential δ k : Λ k g * → Λ k+1 g * is given by
where α ∈ Λ k g * , and ξ 1 ∧ · · · ∧ ξ k is a decomposable element of Λ k g, and extended by linearity to non-decomposables. It is easy to check that δ 2 = 0. We will also make frequent reference to the corresponding Lie algebra homology differential which is given by
for k ≥ 1. We define Λ −1 g = {0} and ∂ 0 to be the zero map.
For the rest of this section we only consider the exterior algebra homology complex.
Definition 2.2. We follow the terminology and notation of [6] and call P g,k = ker ∂ k the k-th Lie kernel, which is a vector subspace of Λ k g. Notice that if g is abelian then P g,k = Λ k g. We will let P g denote the direct sum of all the Lie kernels;
We now recall the Schouten Bracket.
and extended by linearity to all multivector fields.
The next proposition shows that the Schouten bracket and the Lie algebra differential are equal, when restricted to elements of a certain form. Proposition 2.4. For p ∈ P g,k and ξ ∈ g we have that
Proof. A computation using the definition of ∂ shows that
Let g be a Lie algebra acting on a manifold M . For ξ ∈ g, we let V ξ ∈ Γ(T M ) denote its infinitesimal generator.
Proof. This is Lemma 3.4 of [6] or Lemma 2.18 of [10] .
Let Φ : G × M → M be a Lie group action on M .
Definition 2.7. For A ∈ Γ(T M ) we let Φ * g A denote the vector field given by the push-forward of
and we will let Φ * g Y denote the multivector field
We also extend ad to a map ad :
Thus it is closed.
The next proposition shows that the infinitesimal generator of the extended adjoint action agrees with the pull back action. Proposition 2.9. Let Φ : G × M → M be a group action. For every g ∈ G and p ∈ Λ k g we have that Proof. Fix q ∈ M , g ∈ G. First suppose that ξ ∈ g. Then by Proposition 4.1.26 of [1] we have that
The claim now follows since for
Multisymplectic Geometry
Here we recall some concepts and tools used in multisymplectic geometry.
Multisymplectic Manifolds
Note that the non-degeneracy of ω insures uniqueness of the corresponding Hamiltonian vector field. We let Ω n−1
Ham (M ) denote the space of Hamiltonian (n − 1)-forms, which is a subspace of Ω n−1 (M ).
As in symplectic geometry, we are interested in Lie group actions which preserve the n-plectic form.
We remark that a multisymplectic Lie group action induces a multisymplectic Lie algebra action. Conversely, a multisymplectic Lie algebra action induces a multisymplectic group action if the Lie group is connected.
In [8] it was shown that to any multisymplectic manifold one can associate the following L ∞ -algebra.
Here ζ(k) is defined to equal −(−1)
. We introduce this notation as this sign comes up frequently.
Hamiltonian forms
Let (M, ω) be an n-plectic manifold. The following definition generalizes the concept of a Hamiltonian 1-form from symplectic geometry.
Note that the Hamiltonian multivector field corresponding to a Hamiltonian form is not unique; however, the difference of any two Hamiltonian vector fields is in the kernel of ω. The next proposition shows that the Hamiltonian forms are an L ∞ subalgebra of the Lie n-algebra of observables
denote the space L together with the mappings l k defined above in the definition of the Lie-n-algebra of observables. Then
Proof. This is Theorem 4.15 of [5] .
Weak Homotopy Moment Maps
For a group acting on a symplectic manifold M , a moment map is a Lie algebra morphism between (g, [·, ·]) and (C ∞ (M ), {·, ·}), where {·, ·} is the Poisson bracket. In multisymplectic geometry, a moment map is an L ∞ -morphism from the exterior algebra of g to the Lie n-algebra of observables. We direct the reader to [3] for more information on L ∞ -algebras and morphisms. Definition 3.7. A (homotopy) moment map is an L ∞ -morphism (f ) between g and the Lie nalgebra of observables. This means that (f ) is a collection of maps f 1 :
It follows immediately from equation (3.1) that if p is in P g,k then f k (p) is a Hamiltonian form. That is, if the domain of a homotopy moment map (f ) is restricted to the Lie kernel, then the image of (f ) is completely contained in the space of Hamiltonian forms. This motivates the definition of a weak homotopy moment map: Definition 3.8. A weak (homotopy) moment map, is a collection of maps (f ) with f k :
We refer to the component f k as a weak k-moment map.
Remark 3.9. Notice that any moment map gives a weak moment map. Indeed, if (f ) satisfies equation (3.1) then it satisfies equation (3.2).
Remark 3.10. Notice that a weak homotopy moment map coincides with the moment map from symplectic geometry in the case n = 1. Indeed, setting n = 1 in equations (3.1) and (3.2) yields
Also notice that the n-th component of a weak moment map is precisely the moment map introduced by Madsen and Swann in [6] and [7] .
The next proposition says that a weak moment map is still an L ∞ -morphism.
Proof. This is Proposition 5.9 of [5] .
is equivariant with respect to the adjoint and pullback actions respectively. That is, for
Similarly, a weak moment map is equivariant if equation (3.3) holds for all p ∈ P g,k and 1 ≤ k ≤ n.
We study the equivariance of moment maps further in the following section.
Equivariance of Weak Moment Maps
In this section we show how the theory of equivariance of moments maps in symplectic geometry generalizes to multisymplectic geometry.
Equivariance in Multisymplectic Geometry
We first recall the theory from symplectic geometry without proof and then generalize to the multisymplectic setting. The results from symplectic geometry can all be found in Chapter 4.2 of [1] for example. Let (M, ω) be a symplectic manifold, and Φ : G × M → M a symplectic Lie group action by a connected Lie group G . We consider the induced symplectic Lie algebra action
Following Chapter 4.2 of [1] , for g ∈ G and ξ ∈ g define ψ g,ξ ∈ C ∞ (M ) by
Proposition 4.1. For each g ∈ G and ξ ∈ g, the function ψ g,ξ ∈ C ∞ (M ) is constant.
Since ψ g,ξ is constant, we may define the map σ :
where the right hand side is the constant value of ψ g,ξ .
Proposition 4.2. The map σ : G → g * is a cocycle in the chain complex
The map σ is called the cocycle corresponding to f . The following proposition shows that for any symplectic group action, the cocycle gives a well defined cohomology class. By definition, we see that σ is measuring the equivariance of f . That is, σ = 0 if and only if f is equivariant. Moreover, if the cocycle corresponding to a moment map vanishes in cohomology, the next proposition shows that we can modify the original moment map to make it equivariant. We now show how this theory generalizes to multisymplectic geometry. For the rest of this section we let (M, ω) denote an n-plectic manifold and Φ : G×M → M a multisymplectic connected group action. We consider the induced multisymplectic Lie algebra action g × Γ(T M ) → Γ(T M ). Assume that we have a weak homotopy moment map (f ), i.e. a collection of maps f k :
To extend equation (4.1) to multisymplectic geometry, for g ∈ G and p ∈ P g,k , we define the
The following proposition generalizes Proposition 4.1.
Proof. Since Φ * g is injective and commutes with the differential, our claim is equivalent to showing that Φ * g (ψ k g,p ) is closed. Indeed we have that
In analogy to symplectic geometry, we now show that each component of a weak moment map gives a cocycle. Definition 4.6. We call the map σ k :
the cocycle corresponding to f k .
As a generalization of Proposition 4.2 we obtain:
Proposition 4.7. The map σ k is a 1-cocycle in the chain complex
where the action of
is given by the tensor product of the co-adjoint and pullback actions. The induced infinitesimal action of g on
Ham , p ∈ P g,k and ξ ∈ g,
Proof. By equation (2.1) we know that (∂(σ)(g, h))(p) := σ(gh)(p) − σ(g)(p) − g · σ(h)(p).
For arbitrary p ∈ P g,k we have
We call the map σ the cocycle corresponding to (f ).
Since the components of a weak moment map do not interact, as a corollary to Proposition 4.7 we obtain Proposition 4.9. The map σ is a cocycle in the complex
The next theorem shows that multisymplectic Lie algebra actions admitting weak moment maps give a well defined cohomology class, generalizing Proposition 4.3.
Theorem 4.10. Let G act multisymplectically on (M, ω). To any weak moment map, there is a well defined cohomology class [σ] in H 1 (G, C). More precisely if (f ) and (g) are two weak moment maps with cocycles σ and τ , then σ − τ is a coboundary.
Proof. We need to show that σ k − τ k is a coboundary for each k. We have that
However, (f ) and (g) are both moment maps and so
If (f ) is not equivariant but its cocycle vanishes, then we can define a new equivariant moment map from (f ), in anology to Proposition 4.4. Proof. We have that (f ) + θ is a moment map since θ(p) is closed for all p ∈ P g,k . Let σ denote the corresponding cocycle. Note that by equation (2.2) we have (∂(θ)(g))(p) = θ(Ad g −1 p) − Φ * g θ(p). By the injectivity of Φ * g , to show that σ = 0, it is sufficient to show that Φ * g ( σ(g)(p)) = 0 for all g ∈ G and p ∈ P g,k . Indeed,
If (f ) is not equivariant with respect to the G-action, then we can define a new action for which (f ) is equivariant.
Ham by
Ham and p is in P g,k . Then Υ g is a group action and (f ) is Υ g -equivariant. Proof. The proof is a direct extension from the proof of Proposition 4.2.7 in [1] . We first show that Υ g is a group action. Indeed, σ(e) = 0 and Ad e is the identity showing that Υ e (θ) = θ. For the multiplicative property of the group action we have
To show that f k is equivariant The moment map f k is equivariant with respect to this action because
Infinitesimal Equivariance in Multisymplectic Geometry
Next we recall the notion of infinitesimal version of equivariance in symplectic geometry. That is, we differentiate equation (4.1) to obtain the map Σ :
ψ exp(tη),ξ . A straightforward computation, which we generalize in Proposition 4.16, gives that
Another quick computation shows that df ([ξ, η]) = d{f (ξ), f (η)}, showing Σ(ξ, η) is a constant function for every ξ, η ∈ g. That is, Σ is a function from g × g to R.
Proposition 4.13. The map Σ : g × g → R is a Lie algebra 2-cocycle in the chain complex
for all ξ, η ∈ g. Proof. This is clear since Σ is just the derivative of σ.
Since we will always be working with connected Lie groups, we will abuse terminology and call a moment map equivariant if it satisfies equation (3.3) or (4.4). Now we turn our attention towards the multisymplectic setting. As in symplectic geometry, the infinitesimal equivariance of a weak moment map comes from differentiating ψ exp(tξ),p for fixed ξ ∈ g and p ∈ P g,k .
and is given by
Proof. We have that
by Corollary 2.8.
cl . Then R k is a g-module under the induced action from the tensor product of the adjoint and Lie derivative actions. Concretely, for α ∈ R k , ξ ∈ g and p ∈ P g,k ,
Consider the cohomology complex
where the differential is the usual one from equation (2.2).
The following is a generalization of Proposition 4.13.
Proof. We need to show that ∂Σ k = 0. Indeed, for ξ, η ∈ g and p ∈ P g,k , we have that
by the Jacobi identity = 0 by the Lie derivative property.
As in symplectic geometry, we have that for a connected Lie group, a weak homotopy moment map is equivariant if and only if it is infinitesimally equivariant. That is, the weak homotopy k-moment map is equivariant if and only if σ k = 0 or Σ k = 0. A weak homotopy moment map is equivariant if σ k = 0 or Σ k = 0 for all 1 ≤ k ≤ n. Now that we have generalized the notions of equivariance from symplectic to multisymplectic geometry, we move on to study the existence and uniqueness of these weak homotopy moment maps.
Existence of Not Necessarily Equivariant Weak Moment Maps
In this section we show how the results on the existence of not necessarily equivariant moment maps in symplectic geometry generalizes to multisymplectic geometry.
For a connected Lie group G acting symplectically on a symplectic manifold (M, ω), recall the following standard results from symplectic geometry. We now show how these results generalize to multisymplectic geometry. Let a connected Lie group act multisymplectically on an n-plectic manifold (M, ω).
Proposition 5.4. For arbitrary q in P g,k and ξ ∈ g we have that
Proof. By linearity it suffices to consider decomposable
The claim now follows.
The next proposition is a generalization of Proposition 5.2.
Proof. By equation (2.2), an element c ∈ H 0 (g, P * g,k ) satisfies c([ξ, p]) = 0 for all ξ ∈ g. That is,
where
We now arrive at our main theorem on the existence of not necessarily equivariant weak moment maps. The following is a generalization of Proposition 5.3. 
= 0 by the Kunneth formula (see for example Theorem 3.6.3 of [11] ). The claim now follows from Proposition 5.5 and Proposition 5.4. Indeed, Proposition 5.4 says we may define a weak moment map on elements of the form [p, ξ] by (−1) k V p V ξ ω, where p ∈ P g,k and ξ ∈ g, and Proposition 5.5 says every element in P g,k is a sum of elements of this form.
Remark 5.7. Notice that for the case n = k, it is always true that H 0 (g, Ω n−k cl ) = 0 since any-non zero constant function is closed. Hence Theorem 5.6 gives a generalization of Theorems 3.5 and 3.14 of [6] and [7] respectively. Moreover, by taking n = k = 1, we see that we are obtaining a generalization from symplectic geometry.
Example 5.8. Consider the multisympletic manifold (R 4 , ω) where ω = vol is the standard volume form. That is, we are working in the case n = 3. Let x 1 , · · · , x 4 denote the standard coordinates. Let G = U (2) act on R 4 by rotations. The corresponding Lie algebra action generates the vector fields
, and
For the case k = 2, consider the distance function r = x 2 1 + x 2 2 + x 2 3 + x 2 4 . It is clear that the distance function is invariant under rotations and hence L E i dr = 0 for i = 0, 1, 2, 3. Since dr is a closed 1-form, it follows that dr is a non-zero element of 4 . A quick calculuation shows that E i α = for i = 0, 1, 2, 3 so that α is invariant under the u(2) action. Since dα = 0, it follows that
cl (M )) = 0 as well. Hence, by Theorem 5.6, it follows that a weak moment map exists.
The next example gives a scenario for which Theorem 5.6 can only be applied to specific components of a weak moment map. Proof. If H k (g) = 0 then P g,k = Im(∂ k+1 ), since P g,k = ker(∂ k ). But for p ∈ Im(∂ k+1 ) we have that p = ∂q for some q ∈ Λ k+1 g. Then by Lemma 2.6 we have
Hence we may define f k (p) to be (−1) k V q ω.
Remark 5.11. Proposition 5.10 gives another generalization of the results of Madsen and Swann. Indeed, by taking n = k we again arrive at Theorems 3.5 and 3.14 of [6] and [7] respectively.
Summarizing Theorem 5.6 and Proposition 5.10 we obtain:
In the next section we study when a non-equivariant weak moment map can be made equivariant.
Obtaining an Equivariant Moment Map from a Non-Equivariant Moment Map
In this section we show that the theory involved in obtaining an equivariant moment map from a non-equivariant moment map extends from symplectic to multisymplectic geometry. We first recall the standard results from symplectic geometry. Proposition 4.13 shows that the map Σ corresponding to a moment map f is a Lie algebra 2-cocycle. The next proposition says that if the cocycle is exact then f can be made equivariant. 
Proof. Fix p ∈ P g,k and ξ ∈ g. Then
We now arrive at our generalization of Proposition 6.2:
Theorem 6.4. If H 1 (g, P * g,k ⊗ Ω n−k cl ) = 0 then any weak k-moment map can be made equivariant. In particular, if H 1 (g, P * g,k ⊗ Ω n−k cl ) = 0 for all 1 ≤ k ≤ n, then any weak moment map (f ) can be made equivariant.
Proof. Let f k : P g,k → Ω n−k
Ham be a weak k-moment map. If H 1 (g, P * g,k ⊗ Ω n−k cl ) = 0 then the corresponding cocycle Σ k is exact, i.e. Σ k = ∂(l k ) for some l k ∈ H 0 (g, P g,k ). It follows from Proposition 6.3 that f k + l k is equivariant.
Uniqueness of Weak moment Maps
We first recall the results from symplectic geometry without explicit proof. A proof can be found by setting n = 1 (i.e. the symplectic case) in our more general Theorem 7.4. Let g be a Lie algebra acting on a symplectic manifold (M, ω). Proposition 7.1. If f and g are two equivariant moment maps, then f − g is in H 1 (g).
Proof. For ξ, η ∈ g we have that (f −g)([ξ, η]) = {(f −g)(ξ), (f −g)(η)} since f and g are equivariant. However, (f − g)(ξ) is a constant function since both f and g are moment maps. The claim now follows since the Poisson bracket with a constant function vanishes.
From Proposition 7.1 it immediately follows that Proposition 7.2. If H 1 (g) = 0 then equivariant moment moments are unique.
The following is a generalization of Proposition 7.1. 
Proof. If f k and g k are equivariant then (
is closed since both f k and g k are moment maps.
We now arrive at our generalization of Proposition 7.2. Let g be a Lie algebra acting on an n-plectic manifold (M, ω). Proof. If f k and g k are two equivariant weak k-moment maps, then Proposition 7.3 shows that f k − g k is in H 0 (g, P * g,k ⊗ Ω n−k cl ).
Remark 7.5. This theorem gives a generalization of the results of Madsen and Swann. Indeed, by taking n = k we again arrive at Theorems 3.5 and 3.14 of [6] and [7] respectively.
Weak moment Maps as Morphisms
Consider a symplectic action of a connected Lie group G acting on a symplectic manifold (M, ω). 
Open Questions

